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Goals

Goals for today:

Ch 2.4: Cycles and Boundaries
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Section 1

Linear Algebra Review & Homology
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Definition

A field (k ,+, ·) is a set k with two operations

+ and · such that for any a, b, c → k :

Closure:

Commutativity:

↭
↭

Associativity:

↭
↭

Identity:

↭
↭

Inverses:

↭
↭

Distributivity:

Examples:
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a 7 -a st .
a+ (d)

= Oka 7 St a · (t) =

p
a+btka .bEk a(b + c) = ab + ac

8 +o = 0

a+b = b +a
0 + 1 = 1

a -b = b-a (IR , +, ) 1 + 1 = 0

(a+b)+ c = a+ (b+ c) Nonex : (K
,
+, ) I 0 . 0 =0

(a - b) . c = a - (b . c) (22) +
,

. ) = [0, 1301
= 0

1. 1 = 1

Or = a + On = a Xp = [0, 42,
-

, p
- 13

1 =) a . 1k = a

p= y 5 + 6 mod = 4



Vector space

Definition

A vector space over a field k is a set V
with vector addition and scalar

multiplication such that

Associative +:

Commutative +:

Identity

+

·
Inverses:

+

Scalar vs. field mult:

Distributivity:

↭
↭

Examples:
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V+ w (a +b) v = av + b

a - v a)v+w) = av + aw

(+ w) + x = V+)w+ x)
V+ w = w+ V V= 12

(0+ 1)(v) = 0.v

Or EV w + o = w k = IR + 1v

ErtR 1r . V = v
1v

V = 0 . v+ 1v

GivenvEV ,
5 - V stV+)-v) = O



Basis

Definition

A basis for a vector space V is a collection of vectors {bω}ω→A such that

they are linearly independent and,

they span V .
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foray tathb = 0 = += 0 Fa

Given any
veV

, Fltc] st [tab=



Goal

Build a vector space from a simplicial complex!
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(Next time)



p-Chains

Let K be a simplicial complex and fix a dimension p.
A p-chain is a finite formal sum of p-simplices in K , written

ω =

∑
aiεi

A

B

C

D

E
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- SimpleX

2P
i: Lelements of

k =12

example 2-chain

G= AC + CE + BE + 0 AD + O . SD + 0 . DE + 0 . AE

B = AD + AC + CD



Addition of chains

p-chains are added component-wise: if ω =
∑

aiεi and ϑ =
∑

biεi , then

ω+ ϑ =
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[(ai +bi)tj

G= Ac + CE + Be

J +s = 1 - AD +J + 1 . CE + 1 - BE+ - 2-
B = AD + AC + CD =

AD + GE + BE + SD



Chain group

The collection of p-chains with addition is called the pth-chain group (vector space), Cp(K ).

Some checks

Associative +:

Commutative +:

Zero element

Inverses:
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Zaiti Zbiti

---Iciti
(c +1) + x = Elai +bilt; + [cit;

= [(ai +bi + c ; )ti = C+(+ x)
2.
[0 .

ri = 0

2
Given 2 = [ait; - = (-ai)tj

L ACtCE + BE In [2 ! - a = x

In R-c = -AC-CE-BE



Linear Transformations

A linear transformation between two vector spaces V and W is a map T : V ↑ W such that

the following hold:

Matrix representation:
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Y
T(v +w) = T() +T(m) Zaib ;

T(a. v) = a .T(y)

2 picked a basis forVand,a [si3

()=



Boundary maps
1

ϖp : Cp(K ) ↑ Cp↑1(K )

ε = [v0, · · · , vp] ↓↑
∑p

j=0[v0, · · · , v̂j , · · · vp]

1Warning: We are assuming Z2 coe!cients from now on!
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[z(k) -> Cz(k)

- 0

- -
1

basis [AB,
AC

, BC3
Cremove v ; from

the list
↑

C
, (k)

-> Co(k)

. AB-> [
,
B) + [A ,

B] = B + A

Ac( E, S) + [A ,
[] = C + A

B m (i
,
a) + (B

,
29 = 2+ B

-

Cz(k) -> C
, (k)

(A
,
B

,
C] >[, B,

<] + [A
,
B

,
s] + CA

,
B

.3]
= Bc + Ac +AB



Checking linearity

ϖp(ω+ ϑ) = ϖp(ω) + ϖp(ϑ); ω =

∑
aiεi , ϑ =

∑
bi ,εi
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B

·1
.

< (k) -Colk)
A-C d = AB+ BC+> A + B + B + c = A + c

B = BC+ AL -> B+ 2 + A + 2 = A +B

C +b= AB + 2BC + AC

= AB +ACL A + B + A + C = B + C



Try it:

A

B

C

D

E

ϖ1([a, e]) =

ϖ1([a, e] + [b, e]) =

ϖ1([a, e] + [c , e] + [c , d ] + [a, d ]) =

ϖ2([a, c , e] + [a, c , d ]) =
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Ian's
homeroh

O

&
AE+CE+ AD + CD


