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Goals

Goals for today:
@ Ch 2.4: Cycles and Boundaries
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Section 1

Linear Algebra Review & Homology
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Definition

A field (k,+,-) is a set k with two operations

+ and - such that for any a, b, c € k:
o Closure: a.+b ¢ k ab &le
o Commutativity:
ot+b= bo+o-
ey = b
@ Associativity:
e+)+c = ot (b+c)

(@b = a-lh)
o ldentity:

ok. = Q-+ O\'_=&
ik_ =) Gl-'j_L = &

@ |Inverses:
> O~ 3 -a st. 0.-(-(,—0.)
Yoo 3K seoa(y

@ Distributivity: =)= -—11,_
o (b + ) = ao+ ac
Examples: Oto =0
o+\ =\
(RJ +, ) V€1 =0

Nor ex: (Z) +-) 0-0=o

A\ =
(2,, +,-) =137 °

‘P=7 S+LD mbA‘T '_—Tq
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Vector space

@ Scalar vs. field mult:

Definition
A vector space over a field k is a set V o Distributivity:
with vector addition and scalar V&L > @+ Vv =av + v
multiplication such that a-v " a(vew) = av + g
b . Examples:
o Associative +: (V4 w)+ K = Vil .,.,+x)
o Commutative +: V415 = o=V V= R?‘
o Identity O+ (V) =o.y
+ OveN wt0o, =1 b= R Flv
1 4, v=v dv
@ Inverses: V= 0yelV
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Basis

Definition
A basis for a vector space V is a collection of vectors { b, }nea such that
@ they are linearly independent and,
for L ek i b,=0 = +£,=0 V«
e they span V. <eh

Guen “’6 Vé\é 3&*&\&* sk 2t b, =V
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Goal

Build a vector space from a simplicial complex! (N(&\—' -\{-<>
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p-Chains

Let K be a simplicial complex and fix a dimension p.
A p-chain is a finite formal sum of p-simplices in K, written

a=> ao 7/?’5'"*\0( 7
R een e BT
E B e)\cﬂ”‘a\
Cxw\c - o~
A C

o= AC +CE+8€ + O Ao+0-Co+ 0-DE +0- A€

/Bz Ab + /(C'(’C/])
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Addition of chains

p-chains are added component-wise: if « = ) ajo; and =Y bjo;, then

a+f= Z L&d'('k() N

o= AC +ce +8€

O
\——-ﬁ O(—i'IA: ['Ab""(%cf'f’ \‘CE*‘\'QE'H-(D

= C+D =
p= AD+ A Ad + et RE +Cny
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Chain group

The collection of p-chains with addition is called the p*'-chain group (vector space), C,(K).

T oS 2o I
/ — eS¢

@ Associative +: (o( +/3 + ¥ = Z(.&;*BL\G—( —+ Z e Sy
@ Commutative +:
= zt&c+\a;-\-c‘-\) T, = o(—l"s(&-'c (‘)

Some checks

@ Zero element

° Inverses:ll ZO'G" - o
9

> C;\.va\ M~ —..-,ZQ(O‘L —! = Z C‘o\_\ 0-'(-'
ol= AC+Cc + 3€ N 2Z,) - =«

N R, -od= —Ac—Ce-RE
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Linear Transformations

A linear transformation between two vector spaces V and Wisamap T : V — W such that
the following hold: Vv

° ’r(\/+w§ = TL) +’r(w> Z:_b b,
° T(O—'V> = &-T(\I)

Matrix representation: 2 'P\du.é a bhons ‘?b(- N a~d W

T Eoy — bl fe}
VN /e

TB,T\:,_' T\.n " =
I ERVAVS
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Boundary maps! Q&f“q — G¥)

Or——o0

Op : Cp(K) — Cpfl(K)
o=, vy Zf:o,[VOf”vVi‘”Vp]‘ R
. V“wwe_ AV ’gﬂ("\
\:amf\iAe’, AC, BCIS iy \,\“3
&

Gy  — ¢ k)
Aa — [AR) +[AR] = B+A
N . AC ——— [} ) (A,

BC —— [§,c]) +(g c)

C+A
C+8

—

CARCY 3 [AR,c}+(CA,R, Y +(ART]

"Warning: We are assuming Z; coefficients from now on!

= Be+AC+ AR
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Checking linearity

Opla+B)=0pl) +0(8); =Y awon A=Y buo;
& 3,

4 C,(K) > C (¥)
S C of = AB+BC > A+ +r+C = AtcC
A= BCHAC T Bict A+C = A+R

dp= At 2 +4C
Ner AL P Arm =R+ C
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Try it:

e 01([a, €e]) = ]On\s
E B
o 01([a, e] + [b,e]) =
A
C o 01([a,e] + [c,e] + [c,d] + [a,d]) = (O

D o O([a,c,e] +[a,c,d]) = AE-{»m
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