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Goals

Goals for today:

Homology!
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Section 1

More on the boundary map
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p-Chains

Let K be a simplicial complex and fix a dimension p.

A p-chain is a formal sum of p-simplices in K , written

ω =
∑

aiεi

p-chains are added component-wise: if ω =
∑

aiεi and ϑ =
∑

biεi , then
ω+ ϑ =

∑
(ai + bi )εi

The collection of p-chains with addition is called the p
th-chain group (vector space),

Cp(K ).
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~
o -Simps = Vertices

1 - = edges
2- = triangles

Cp(k)



Boundary maps
1

ϖp : Cp(K ) → Cp→1(K )
ε = [v0, · · · , vp] ↑→

∑p
j=0[v0, · · · , v̂j , · · · vp]

1Warning: We are assuming Z2 coe!cients from now on!
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Matrix representation

A

B

C

D

E

ϖ1(K ) =





AC AD AE BE CD CE DE
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


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G. (4) : <
,
(4) -> C.SK)

1 I ↓ 000 0

0 0100 8

1000110
E 100101
0 0 1 1 01 1



Chain complex

· · · Cp+1(X ) Cp(X ) Cp→1(X ) · · ·
ωp+2 ωp+1 ωp ωp→1

ϖp : Cp(K ) → Cp→1(K )
ε = [v0, · · · , vp] ↑→

∑p
j=0[v0, · · · , v̂j , · · · vp]
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-
... - C

,
(X)



Section 2

Cycles and Boundaries
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Important subspaces for a linear transformation

Image

Kernel
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T: V-> w

(m(T) = Ew >W/JveV
,
T(r) = 23

Ker(i) = Ever (TS = 03



Cycles

A chain in the kernel of ϖp is called a p-cycle. Cp+1(K ) Cp(K ) Cp→1(K )
ωp+1 ωp

A

B

C

D

E

The collection of p-cycles forms a subspace Zp(K ) ↓ Cp(K ).
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(1)
All

# --

2m>0

↓= AE + CE + CD + AD = 0

↓ Ker(dp) call it a cycle

A =AE + ED + AD + EC+ BC + BE
--

2 +A = CD + ED + BC + BE



What is a 2-cycle?

A

B

C

D

E
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element of kenel of ↓2

(y(k) c
, (k)

# ACE+ ADE B
Al+ CE+A

V + DCE + AD+ DE+A

+ACD + CD+E +c
+Ac +x+ AD = 0



More work space if needed
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Boundaries

A chain in the image of ϖp+1 is called a p-boundary. Cp+1(K ) Cp(K ) Cp→1(K )
ωp+1 ωp

A

B

C

D

E

The collection of p-boundaries forms a subspace Bp(K ) ↓ Cp(K ).
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Bp(k)
M

Bp(k) = (((((k))7Ut(+ (k)
, dp + ,

(x)=c)

i ((k) ->2
,
(k)-> Co(k)

AIDACE L AETCE +CDAD AtE
-

+y+
EB()k) +X+X

+A +x

=



More work space
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Nifty trick

Theorem

ϖpϖp+1(ω) = 0 for every (p + 1)-chain ω.
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[pt(k) <(k) (- + (k)

Capt ↓pdp+ (0) = 0
L

↓
in Bp(k)

also in Zp(k)
* Any bondary is a cycles, Bp(K) [Ep)()



Translation

Every p-boundary is a p-cycle. Cp+1(K ) Cp(K ) Cp→1(K )
ωp+1 ωp

Bp(K ) ↓ Zp(K ) ↓ Cp(K )
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Try it: Cycles and boundaries

What are the generators of B1(K )? Of Z1(K )?

A

B

C
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B,(4) = (AB+ BC+AC)
M

z
,
(k) = CAB+ BC + A2]

11

((k)-> 4,)k)-> CoSk)

ABC -AB+BC +As



Try it: Cycles and boundaries

What are the generators of B1(K )? Of Z1(K )?

A

B

C

D

E
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BK) = (BC+ CE +RE
X

z(k) = JBC+ CE +BE
-S

11 AE + CE + CD +AD]

((k)-> 4,)k)-> CoSk) ↓⑱ BCEVSBC+ CE+BE

(a
,
x)

# elements of Z
,
(k)

50
,

4
, 1,

23

↳ c +S
= V + 2



Try it: Cycles and boundaries

What are the generators of B1(K )? Of Z1(K )?

A

B

C

D

E
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((k)-> 4,)k)-> CoSk)



Homework (In case we only get this far)

DW 2.6.3) Let K be the simplicial complex of a tetrahedron. Write a basis for the chain
groups C1 and C2; boundary groups B1 and B2; and cycle groups Z1 and Z2. Write the
boundary matrix representing the boundary operator ϖ2 with rows and columns
representing bases of C1 and C2 respectively.
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Section 3

Homology for real now

Liz Munch (MSU-CMSE) Lec 8 Thurs, Sep 11, 2025 21 / 28



Quotient space

Let V be a vector space over a field k .
Let W ↔ V be a subspace.
Define ↗ on V by x ↗ y i! x ↘ y ≃ W .
The equivalence class of x is denoted

[x ] = x +W = {x + w : w ≃ W }.

The quotient space V /W is then defined as {[x ] | x ≃ V }. This is also a vector space with:

Scalar multiplication:

Addition:
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aaxmy
~S.. NX-X

②Xvy = y
-x

③ x y , y
-z⑳ = X- z

Xtw
,

X+w[X]

(+w) - (x+w) = w -w

a . [x] = (a .x]
a + k= 72 Warning :

many choices of

[x] + (y) = [x +y] representatives

[x] = [X]
Vx'E[X]



Homology

Definition

The p
th homology group is the quotient space

Hp(K ) := Zp(K )/Bp(K )
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Cz(k) -> C
,
(k)-> Colk)

=SB
,
(k) = (C)

T

A j
D

w=
20

,
03

[S] = Es + w)w = B
,
)k)]

= (s + 0
, s+23 = 23

,
83



Spare blank page
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Cz(k) -> C
,
(k)-> Colk)

=S
_

B
,
(k) = <C)

A j
D

w=
20

,
03

[S] = Es + w)w = B
,
)k)]

= (s + 0
, s+23 = 23

,
83

HpSk) = [ [02
,
[S33 [a] = (c +w1w- B

,
(k)]

= <[B]L =(x + 0
,

x +23 = 26
,
03

[x] =<] [0] = [C]



Tryit: What is H1(K )?

A

B

C
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B,(4) = (AB+ BC+AC)
M

& z
,
(k) = CAB+ BC + A2]

11

((k)-> 4)k)-> CoSk)

ABC -AB+BC +As

[c] = 20
, 03 = [0]

H
,
(k) = 0



Tryit: What is H1(K )?

A

B

C

D

E
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Tryit: What is H2(K )?

A

B

C

D

E
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Homework

Almost certainly didn’t finish all the examples above....
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He(k) No inside
Athi

Ho (k) nXB E Zhengrong

< (k)-+Co(k) -+ O


