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Goals

Goals for today:

@ Homology!
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Section 1

More on the boundary map

Liz Munch (MSU-CMSE) Lec 8 Thurs, Sep 11, 2025 3/28



p-Chains O —Simps = NeAag
I - = edges
Let K be a simplicial complex and fix a dimension p. 2- - )ﬁ;‘wg\ms
@ A p-chain is a formal sum of p-simplices in K, written

o = E a;o0;

@ p-chains are added component-wise: if « = )" a;o; and =Y bjo;, then
a+B=>(ai+ bj)o;
@ The collection of p-chains with addition is called the pt"-chain group (vector space),
Co(K).
E B

Col¥)
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Boundary maps!

'Warning: We are assuming Z, coefficients from now on!
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Matrix representation

E B 3, Ky : C ey —— ¢ (k)

AC AD AE BE (CD CE DE

Afa 1 1 o0 © o o
Bloe o o 1 © o o
WK)=Cl1 ©o o o 2 L o
Dle 2 o o0 4 o 1
EX2 o 2 2 5 2 12
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Chain complex

2 G (X) M G(X) < Ga(X) P e e ()
By : Co(K) - Co1(K)

o=, vl = Pl G vl
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Section 2

Cycles and Boundaries
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Important subspaces for a linear transformation

T-V—W

e Image [ (T) =£we\«/ \ 3 \IEVJT(\J\ :(_,oi

oKemel ooty = {yev | Tw=o0F
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Cycles

2 (%)
N

\
9
A chain in the kernel of 0p, is called a p-cycle. Cpi1(K) 2, Co(K) %, Co-1(K)
B AH— O

of = AE+CE+t ot AD =0

% € Ker (3)) G o el
A=AE+eEdD+AD + EC+BCr+Re

A+4 = (o4 EdtRe+BE

The collection of p-cycles forms a subspace Z,(K) C Cp(K).
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What is a 2-cycle? ,lement of Kemel of Sy
E

B C SN ¢, ()

AcetAve — ATHCE+AS
+ DL€ + AptpEAE
tAco T o€ e o
"'%—(’}‘AS* A =o
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More work space if needed

E B
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Boundaries B, (1)

Fp+1

A chain in the image of Opy1 is called a p-boundary. C,11(K) — Co(K) — Cp_1(K)
E B B = {foxec ey | 3 ¥ € Cou, () apﬂ(?“\’—"‘j

A c Ly — (LK) ——— C W)
ACDHACE > AE+CE+MEAD —> A4 G

D L . —  tess
’BQEK) t ey
+ K+

The collection of p-boundaries forms a subspace B,(K) C C,(K).
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More work space

E B
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Nifty trick

Theorem
0pOpt1(cr) = 0 for every (p + 1)-chain c. J
C?h(b) é?ﬂ C (K\ C"P (\L)
’F’"‘ ) V—é—> éPéPﬂ(a‘\ =0
2
In B, (k)

CAso 2% 2, LK)
S Aoy oy W cqets,  BUD € 06
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Translation

Every p-boundary is a p-cycle. Cor1(K) — Co(K) — Cp-1(K)
Bo(K) C Zy(K) € Go(K)
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Try it: Cycles and boundaries Bt) = L AR+RCHAC)

Al
What are the generators of By(K)? Of Z;(K)? %(.K—) = CAR+RCtA <
B \
C, 0y —— () —— (k)
A c A v AR+BCHAC
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Try it: Cycles and boundaries B(e) = (BCACE+RE>

What are the generators of B1(K)? Of Z1(K)?

@ =<
2,(¢) = CRC+Ce +RE A
3

M\
C, 0y —— () —— ¢ (k) )

A RLE V—> BC+CE+RE

<o, ¥y
/3(_& Serenrs of 2 (K)
{O)dlﬁlx‘g
LLho(q—/g
=¥+
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Try it: Cycles and boundaries

What are the generators of B1(K)? Of Z1(K)?
E B

C, 0y —— (k) —— ¢ (k)
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Homework (In case we only get this far)

e DW 2.6.3) Let K be the simplicial complex of a tetrahedron. Write a basis for the chain
groups C; and C; boundary groups B; and B;; and cycle groups Z; and Z,. Write the
boundary matrix representing the boundary operator J» with rows and columns
representing bases of C; and (; respectively.
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Section 3

Homology for real now
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Quotient space J %4 ore v~

O x~x%
Let V be a vector space over a field k. @ Xy S ~x
Let WC Vb b :
et C € a subspace : ® X~y y~%
Define ~on V by x ~ y iff x —y € W. -
The equivalence class of x is denoted TR A X~z
Rt x+ut €%

o
Xl=x+W={x+w:we W}
b ¢ J Kt = (x+u') = wo-u!

The quotient space V /W is then defined as {[x] | x € V'}. This is also a vector space with:

@ Scalar multiplication: a_[-xj — [:cmc_"l Waraina -
och=2, )
o Addition: + l ma":} chmices of
(x3+Cy] = Lx+y Ceprisenstohiey
(x3 = [x']
h‘s/s'x’é LxY) /
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Homology

Definition

The p™" homology group is the quotient space

Hp(K) := Zp(K)/By(K)

=z %69’;<o() >

E/gj = {/54—@\ weBJV_\S
=§ p+0, ptal ={ 408
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Spare blank page
cuy — ¢ ) —— G

EQ ~ {O : f}%,d?)’(o() >
\I/ f((&;d/‘,g'(b): <o(>

: D o
A W= £O/ 5 E/&J — {/5_‘_, ,_b\ weBl(V-\g
={/5+o, ST =£/$,Y‘S

L= 163,005 el = fursl ve gl
=< LAl = {oro, swrad = 3ol
L¥1=C3 fon-ga
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Tryit: What is H;(K)?

B B = L AR+ RCHAC)

A
4 %1(_%) :(A&-‘-QCfAC}

CLL\LB — () —— ¢ (k)
ABC F——> AR +BCHAC

[«)= {0, a3 = (o]

FlLy= O
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Tryit: What is H;(K)?
E B
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Tryit: What is Hy(K)?
E B
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Homework

@ Almost certainly didn't finish all the examples above....

)
L411. ( ki:) ~No \(\€S;C;Jb ;‘?’PbﬁilV\}
)\ [«
D
b A0S
(6) € %‘hen Yo
b\‘da ~ NI

C,(&) —C (W) — 0
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