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Section 2.2 Goals

Goals for today:
e Complexes from point clouds: Rips & Cech complexes

@ Sparse Complexes: Alpha complex
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Recall: Geometric vs Abstract Simplicial Complex

@ Given a collection of points V C RN

@ For a subset of these {ag,...,an}, a
(geometric) n-simplex is the convex
hull of the points.

@ A simplicial complex is a collection of
geometric n simplices so that
» Every face of a simplex is also in
the complex.
» The intersection of any two
simplices is either empty or a face
of both.
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e Given a finite set V

@ An abstract simplex is a subset of V.

@ An abstract simplicial complex is a
set K of finite subsets of some V
such that if 0 € K and 7 C o, then
TEK.
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Section 1

Cech and Rips Complexes
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Point cloud

A point cloud is a (finite) collection of points in a metric space (M, d).
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Ball

Bo(x,r) ={y e M| d(x,y) <r} B(x,r)={y e M[d(x,y) <r}
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From last time: Nerve

NU)

Given a finite collection of sets F,
the nerve is

Nrv(U) ={X C F| [ U#0}.

veX
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From earlier: Homotopy type

@ Intuition: Can deform one space into
the other.

@ Example: Divide the alphabet into
equivalence classes: collections of
letters that are all homotopy
equivalent to every other letter in

4 their collection.

Definition

Two topological spaces T and U are
homotopy equivalent if there exist maps
g: T —Uandh:U— T such that hog
and g o h are homotopic to the
appropriate identity maps.

ABCDEFGHIJKLMNOPQRSTUVWXYZ

Semi-covered in lecture 2
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Nerve lemma (Metric space version)

Theorem

Given a finite cover U (open or closed) of a metric space M, the underlying space |N(U)| is
homotopy equivalent to M if every non-empty intersection ﬂf'(:o U, of cover elements is
homotopy equivalent to a point (contractible).
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Cech complex

Definition
Let P € (M, d) be a finite point cloud. Fix r > 0. The Cech complex is

C'(P) { PI(B xr;é(b}

xeo

N({B(x, r)}xep)
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Example: Cech complex
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Warning

The Cech complex is an abstract simplicial complex. The obvious map into RV doesn’t
necessarily get you a geometric simplicial complex!
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Rips complex

Definition
Given P C (M, d), the Vietoris-Rips complex is

VR"(P) = {o C P | d(xi,x;) < 2r for all x;,x; € o}

Liz Munch (MSU-CMSE) Lec 4 Thurs, Sep 4, 2025 14 /30



Example: Rips complex
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Equilateral triangle example
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Rips-Cech Lemma

Theorem
Given point cloud P C (M, d) and r > 0,

C"(P) C VR"(P) C C*(P)
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Warning: Radius vs diameter

VR"(P) = {0 C P | d(xi,x;) < 2r forall x;,x; € o}

E
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What we want to
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Section 2

Alpha complex
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Voronoi diagram

Given a point cloud P C RV,
The Voronoi cell of u e P is

Va={x €R?| |x —ull < |Ix —v|,v € P}

The Voronoi diagram is the collection of Voronoi cells Vor(P) = {V, | u € P}.
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Simple examples
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Website

http://alexbeutel.com/webgl/voronoi.html

© alexbeutel.com/webglfvoronoi html

Alex Beutel... About Me Research GV
Interactive Voronoi Diagram Generator with WebGL & Instructions
1. Make sure you are running a browser with
WebGL enabled.

2. Click in black box to add another point to
the set of input points.

Click and keep mouse down to
temporarily add a point. Drag your mouse
around to watch how the new input point
influences the Voronoi diagram. On
release, the new point will be added

To make a query point, such that the
Voronoi diagram will display the stolen
area from the nearest neighbors, check
the NNI query point box before adding the

IS

point.

5. If you would like to save a diagram for
reuse later, copy the data from the data
field and simply reload it i later.

For more info read my blog post on the
app.

+ Settings
Width: [—
Height: fe75

Cone Radius: 1000
Triangles/cone: 5o

NNI Query point?

+ Input data
[Load random pos

[Cats"{875 4800145465244 474 4837576151
[Roload data

[Undo Previous Changa

+ Motion

Speed (Pixelsisec): [0

User defined:
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http://alexbeutel.com/webgl/voronoi.html

Delaunay triangulation

The Delaunay complex of point cloud P C RN is the nerve of the Voronoi diagram.

Del(P)={oc CP| () Vu#0}.

ueP
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Example

Interactive Voronoi Diagram Generator with WebGL
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Properties

Interactive Voronoi Diagram Generator with WebGL

@ Delaunay is an abstract simplicial complex.

o If we have points in general position, the
obvious embedding gives a geometric
simplicial complex.

e Delaunay is FIXED (has nothing to do
with a radius or diameter parameter....)
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Leading up to the alpha complex

Interactive Voronoi Diagram Generator with WebGL
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Alpha complex

Dely = {x € B(p, ) | d(x, p) < d(x, q) forall g € P} = B(p,r)N V,
The alpha complex for point cloud P with radius r > 0 is the nerve

Dely = Nrv({D, | p € P}).
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Properties

e Alpha(r) C Delaunay
e Alpha(r) C C(r)
e Alpha(r) has the same homotopy type as the union of balls of radius r.
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For next time

@ EH II1.7 (p75) Let P C RY be a finite set of points in general position. Denote by C(r)
and Alpha(r) as the Cech and alpha complexes for radius r > 0, respectively.

Is it true that Alpha(r) = C(r) N Delaunay ?

If yes, prove the following two subcomplex relations. If no, give examples to show which
subcomplex relations are not valid.

@ Alpha(r) € C(r) N Delaunay.

@ C(r) N Delaunay C Alpha(r)
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